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The Hall Triple Systems of Small Class 
LUCIEN BENETEAU 
A Hall triple system (HTS) is a Steiner triple system in which any three non-collinear points 
generate an affine plane AG(2,3). Let k be the central nil potency class of the corresponding 
Moufang loop. When k = 2 or 3, and when k;;. 4 we determine the possible values of the order 
with respect to the dimension. Moreover we prove that there are ~nly four HTSs of order 36 . 
Recall that Marshall Hall Jr. (resp. Kepka and the author independently) had proved that there 
are only two HTSs of order 34 (resp. 35 ). As a consequence one may give now the complete list 
of centreless Fischer groups in which the number of order 2 elements is at most 36 . 
1. INTRODUCTION 
The Hall triple systems (HTSs) are the Steiner triple systems in which any three 
non-collinear points generate an affine pl:me -or, equivalently, in which any symmetry 
is an automorphism (by 'a symmetry' we mean as usual a symmetry with respect to a 
point). Such a HTS will be said to be abelian in case it arises from an affine space over 
F3 = GF(3). Any HTS E has for order a power of 3, say lEI = 3s where s is the size of 
E (see [8]). Moreover any two minimal generator sets of such a system have the same 
cardinal number n + 1 (see [2]) we call n the dimension of E. Marshall Hall showed [14] 
that the smallest non-abelian example of HTS contains 81 = 34 elements. We denote this 
space by L3 for it is the only non-abelian 3-dimensional HTS. 
An exponent 3 commutative Moufang loop (or 3 -eM loop is a set E provided with a 
commutative lineary law x' y which admits a unit (say 1), and which satisfies the two 
. following identities: 
and x2 ·(y·z)=(x·y)·(x·z). 
Loosely speaking the 3-CM loops are to the HTSs what the elementary abelian 3 
groups are to the affine spaces over F3 = GF(3). More precisely, by defining the 'lines' 
of a given 3-CM loop as the 3-subsets of the form {x, y, (x· y)2} where x ¥ y, we get a 
HTS. Any HTS arises this way, and the so-defined correspondence between 3-CM loops 
and HTSs is one-to-one up to isomorphism. 
In the present paper, new relations will be stated between the central nil potence class 
k of such a loop, the size s and the dimension n. We shall be mainly concerned by the 
possible values of one of the three parameters k, sand n when the two others are given. 
Besides we determine in several special cases the number v(s.n.k) of pair-wise non-
isomorphic 3-CM loops corresponding to given values of s, nand k. As a by-product, a 
complete list of the HTSs whose size is at most 6 may now be given (this list had been 
presented by the author in the Congres franco-canadien de Combinatoire, 1979 [4]). 
We refer the reader to the literature for the classical kindship between HTSs, symmetric 
distributive quasigroups and centreless Fischer group. Let us say briefly that a group 0 
is a Fischer groupt if and only if the subset S of its order 2 elements generates 0 and 
satisfies (xy)3 = 1 for any x and y in S. The group 0 = (S) generated by the set S of the 
symmetries of a HTS E is a Fischer group with Z(O) ={1}. Here again we have a 
t Generally speaking a Fischer group is defined as a couple (G, S) where S is a complete conjugacy class in 
a group G such that x2 = 1, and (xy)2 = I or (xy)3 = 1 for any x, y in S. Here, following Manin, one considers 
only the special case where (xy)3 = 1 for any x, y in S; then E contains all the involutions (see [12]) and is 
uniquely determined by G. 
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oce-to-one correspondence E>-+ G between HTSs and centreless Fischer groups (see [1], 
[4], [11]). 
In view of this fact the results of the present paper may be translated in terms of 
Fischer groups. In a Fischer group G, the number of the order 2 elements is a 3-power: 
lSI = 3s. Apart from the trivial Fischer-groups (namely the set of symmetries and transla-
tions of some affine space AG(s, 3», Marshall Hall Jr. (resp. the author and Kepka had 
proved that there is exactly one centreless Fischer group with lSI = 34 (resp. 35); (see 
[14], [3], [16], and use [1] and [4] for the group-theoretical translation). As a by-product 
of the last statement of the present report, we obtain that: 
THEOREM. There are exactly four non-isomorphic centreless Fischer groups in which 
lSI = 36 (including the trivial one) . 
2. RELATIONS BETWEEN SIZE, DIMENSION AND CENTRAL NILPOTENCY CLASS: 
Consider a finite 3-CM loop E. Recall that lEI = 3s where s is the size of E. Define 
the 'associator' of any three elements x, y, z by: (x, y, z) = (x' (y. Z»-I. «x · y). z). The 
set of products of associators is called the derived subloopD(E). In we have IE/ D(E)I = 3n , 
then any minimal generator set of the loop E involves n elements. This means [2] that 
any minimal generator set of the corresponding HTS involes n + 1 elements. So n is the 
previously defined dimension of E. Let us turn now to the definition of the upper central 
series (Zk(E)h " I' The associative centre Z(E) = ZI(E) is the set of the elements z whose 
behaviour is, say, 'associative' (in the sense that (x, y, z) = 1 for any x and y). The following 
terms of the series are defined recursively by: 
Zk+I(E) = {zl'Vx, yE E, (x, y, z) E Zk(E)}. 
The well-known theorem of Bruck-Slaby may be expressed by: Zn-I (E) = E. In other 
terms, there exist integers k such that ZdE) = E, and the smallest one, the 'central 
nilpotency class' is linked to the dimension by the inequality: k ~ sup(n -1,1). Recently 
this bOund has been proved to- be the bes-t one (See [3], [4] and their bibliographies), but 
this question is to be regarded as outside the scope of the present report. When k = 1, 
we have s = n. The main statement of this paper is the: 
THEOREM 1. 
If k = 2, then 3 ~ nand n + 1 ~ s ,;; n + G), (thus 4 ~ s); 
If k = 3, then 4~ nand n +4~ s~ n + G) +4(n~I), (thus 8 ~ s); 
If k ~ 4, then 5 ~ nand n + 1 7 ~ s (thus 22 ~ s). 
PROOF. The fact that k + 1 ~ n is merely a restatement of the Bruck-Slaby theorem. 
Let d = s - n be the size of D(E). It follows from a classical work by Bruck that 1 ~ d ~ G) 
if k = 2. Besides we had proved that 4 ~ d ~ G) + 4(n~l) when k = 3 (for the lower bound, 
see [7]; for the upper bound, see [5]). Lastly a student at the University of Paris, Elkhouri, 
established in collaboration with the author that k ~ 4 implies d ~ 17 (see [11]). 
NOTE. In each case, all the values of s allowed by the given inequalities are actually 
reached by at least one HTS (see [7] pp. 106-107). Besides for any n ~ 3 (resp. 4) there 
exists exactly one n-dimensional HTS whose class is 2 (resp. 3) and whose size is n + m 
(resp. n + G) + 4(n~I». But when k = 4 (resp. 5) the upper bound of s remains unknown. 
Figure 1 represents the possible values of the class k with respect to the size and the 
dimension for s ~ 16 and n ~ 12. The number of asterisks indicates the number of the 
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corresponding systems whenever this number is known. For instance in the cell correspond-
ing to s = 8 and n = 4, we have 2* - 3:, which means that there are only one 3 -CM loop 
with k = 2 and exactly three 3 -CM loops with k = 3 (see [4]). 
Therefore there are just four centreless Fischer groups generated by 5 involutions 
whose total number of involutions is 38 . Only one of these groups has an exponent 3 
derived subgroup; its order is 2.3 14. The three other ones have derived subgroups of 
central nilpotency class 5. For further results about the classification of small Fischer 
groups, see [12]. 
Observe that k = 2 whenever n < s < n +4. Now it is quite easy to describe the 3-CM 
loops of class 2. Let E = F(JJ D be a vector space over F3 , direct sum of two subspaces 
F and D with respective dimensions nand d ~ (3). Assume that B = {eb e2, ... en} is a 
basis of F. Let us choose in D a generator set of (3) elements, say {eijk 11 ~ i < j < k ~ n}. 
Any element X of E may be expressed as sum of the form 
Xijkeijk 
l:s';i~n l~i<j<k~n 
where the coefficients Xi and Xijk are in F3 . The binary law X, Y ~ X' Y defined by: 
X' Y = L (Xi + Yi)ei + L (Xijk + Yijd + (XiYj - XjY;)(Xk - yd)eijk 
i l<j<k 
turns E into a n-dimensional 3-CM loop of class 2 whose size is n + d. Any n-dimensional 
3-CM loop of class 2 arises this way: this derives from a classical statement of Bruck [6]. 
Besides in such a loop the associator of any three elements is (X, Y, Z) = L Llijkeijk where: 
Xi Yi Zi 
Ll ijk = det Xj Yj Zj 
Xk Yk Zk 
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Therefore (X, Y, Z) is shew-symmetric and trilinear in the sense that for any a and 
bEF3 ={-1,0,1}, 
(Xf· xt Y, Z) = (aX I + bX2, Y, Z) = a(XI , Y, Z) + b(X2' Y, Z). 
Notice that (ej, ej' ek) = ejjk and D(E) == D. 
Let us turn now to the study of the case d = s - n = 1. If n = 3, then E = L 3• In the 
general case, since d"r:. 0, at least one of thl;! ejjkS does not vanish; assume for instance 
el23 = A"r:. 1. One knows that 'TT = (el, e2, e3) is then isomorphic to L 3. For any X in E, 
since D(E)=(A)={-A,O,+A}, there exist A, /-t, v in F3 such that: 
(eb e2, X) = AA, (el, e3, X) = /-tA and (e2, e3, X) = vA. 
By trilinearity the element u = vel - /-te2 + Ae3 satisfies also: 
and 
Hence X' = X - u is orthogonal to 'TT, in the sense that (t, t', X') = 0 for any t and t' in 
'TT. So there is no loss of generality in assuming that e4, es, ... en are orthogonal to 'TT. In 
case n = 4 one gets e4 E Z(E) so that E = L3 X F3. When n = 5, consider the kernel K of 
the homomorphism x~(x, e4, es) from 'TT into D. If K = 'TT, then e4 and es are central 
elements and necessarily E = L3 X F~. If K "r:. 'TT, then K is a maximal subloop of 'TT and 
we can choose e2 and e3 in K. By changing eventually e4 in -e4, one may assume then 
that (eb e4, es) = A = (eb ez' e3)' We are thus led to E = Is where Is is the 3-CM loop on 
five generators el' e2, e3, e4, es subject to (eb e4, es) = (el, e2, e3) and, for any i <j < k such 
that {l, 4, 5}"r:. {i, j, k}"r:. {1, 2, 3}, (e;, ej> ek) = O. A direct study of Is shows that k(Is) = 2 
and IIsl = 36 • Besides Z(Is) = D(Is), which means that Is may not be written as a direct 
product of smaller 3-CM loops (Is is "irreducible'). We have thereby proved the: 
THEOREM 2. There exist exactly two non-isomorphic 5 -dimensional HTSs of size 6. 
This completes the proof of the fact that there are exactly four pair-wise non-isomorphic 
HTSs of size 6, since the unicity in the 4-dimensional case was established in [7]. The 
next step would be the classification of the 6-dimensional HTSs of size 7, which is to be 
dealt with in the same way, though the list of the corresponding systems is of course 
much longer. One shows that there are exactly 6 pair-wise non-isomorphic such HTSs 
pair-wise non-isomorphic such HTSs. Hence the number of isomorphism classes of HTSs 
of size 7 is at least 10. No estimation seems to be known for the number of isomorphism 
classes of irreducible HTSs of size s > 7. 
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